Abstract: Water Distribution Networks (WDNs) can be regarded as complex networks and modeled as graphs. In this paper, Complex Network Theory is applied to characterize the behavior of WDNs from a topological point of view, reviewing some basic metrics, exploring their fundamental properties and the relationship between them. The crucial aim is to understand and describe the topology of WDNs and their structural organization to provide a novel tool of analysis which could help to find new solutions to several arduous problems of WDNs. The aim is to understand the role of the topological structure in the WDNs functioning. The methodology is applied to 21 existing networks and 13 literature networks. The comparison highlights some topological peculiarities and the possibility to define a set of best design parameters for ex-novo WDNs that could also be used to build hypothetical benchmark networks retaining the typical structure of real WDNs. Two well-known types of network ((a) square grid; and (b) random graph) are used for comparison, aiming at defining a possible mathematical model for WDNs. Finally, the interplay between topology and some performance requirements of WDNs is discussed.
Introduction
Biological and chemical systems, brain neural networks, social interacting species, the Internet and the World Wide Web, and the multiple and interconnected infrastructures that provide several services to consumers in the cities are network shaped [1, 2] . It seems that the efficiency of the systems largely depends on their ability to create (if they are natural) or to have (in the case of man-made structures) multiple links between the units. On the one hand, it ensures better performance and self-recovering function in the case of failure of an element thanks to a redundant structure. On the other hand, it makes it difficult to understand the principles of their functioning and behavior. In this regard, a suitable approach to capture the local and the global properties of network systems is to model them as graphs, where the nodes represent the units, and the links stand for the interactions between them.
The study of networks is known as graph theory, and, since its birth in 1736 by the Swiss mathematician Leonhard Euler, graph theory has solved several practical problems revealing interesting properties of many systems [3] . In the past decades, two important papers [4, 5] established the mathematical bases of a new movement of interest and research in the study of complex networks, i.e., networks with irregular, complex, and dynamically evolving structure. The main focus was to provide tools for the analysis of irregular systems with thousands or millions of nodes.
The huge analysis of networks from different fields produced a series of unexpected and interesting results about their behaviors that led to the identification of a series of unifying principles and statistical properties. The effort was the definition of new concepts and measures to characterize the topology and the structure of real networks, to help in understanding their behavior and dynamic development. For example, it was shown how the robustness of the network systems to perturbations (such as failures and attacks) strongly depends on topology [6] ; the functioning of the Internet network is studied from a topological point of view by Faloutsos et al. [7] ; for the understanding of cancer cell growth mechanism, the analysis of the p53 gene and protein, and also the study of the whole network interacting with them, was proposed by Vogelstein et al. [8] . Consequently, a topological approach has become crucial in the last years, helping to characterize quantitatively certain local and global aspects of systems.
Based on the successful application of the Complex Network Theory to several fields (e.g., the Internet, neuroscience, computer science, biology, social science, medicine, etc.), in this paper, Water Distribution Networks (WDNs) are regarded as complex systems, modeled as graphs, and studied within the approach of the Complex Network Theory. In fact, WDNs can be considered as complex networks [9] , as they are often constituted of thousands of elements, are strongly looped and show irregular shape, since they follow the layout of the city they serve. Water distribution networks have been successfully modeled as graphs to design an optimal sub-region layout [10] , to study their global robustness [11] [12] [13] , to evaluate their vulnerability to single pipe failures [14] , to make a spectral analysis of the system [15, 16] , or to investigate possible benchmark values for the information entropy [17] . In general, strong correlations have been shown to exist among graph theory metrics and performance measures of model planar networks [18] ; hence, the complex systems approach has been proposed as a framework to design and implement sustainable and hybrid water systems [19, 20] .
The complex and meshed structure of WDNs allows the system to recover from failures, exploiting the topological redundancy provided by closed loops, so that the flow could reach a given node through different paths. This redundant design approach gives the system an intrinsic capability of overcoming perturbations (e.g., local pipe failures or peaks of water demand), and, together with pipe diameters larger than those strictly necessary to fulfill the design pressure at the network nodes, to guarantee a power surplus to be dissipated [21, 22] . In [21] , Todini introduced a resilience index which accounts for the power surplus for an assigned network layout without any information about topology. More recently, Prasad and Park [23] proposed the concept of network resilience, which combines the effects of surplus power and reliable loops, but with a very simplified approach. Even if there is awareness that topology affects the performance and behavior of WDNs, this effect has not been quantified yet. Defining the topology of a WDN is a layout problem aimed at ensuring robustness and reliability [24] and represents one of the most difficult tasks in the design [25] .
In fact, WDNs are critical infrastructures, whose reliable, robust, and efficient operation greatly affects national economic prosperity and people everyday life. It has been widely agreed that there are inseparable interdependencies between the robust structure of WDNs, their efficiency, as well as that of directly and indirectly related infrastructure operations. Therefore, the understanding of complex infrastructure systems needs a balance between holistic and reductionist methodologies [26] . This requires predictability of the complex network topology, behavior, and evolution dynamics over time, through a novel analysis framework.
In the last years, several new methodologies and metrics have been proposed in the scientific literature to better understand, describe, measure and optimize the topology of complex networks (a wide review is provided in [3, 27] ). Previous studies on real infrastructure networks indicated that they do not present small-world features (i.e., the presence of short geodesic distances between each nodes, meaning that it takes only a few steps to go from one node to another [4] , and so the most part of the communication cross these hub nodes [5] ). This is because, generally, infrastructure networks are planar networks with significant spatial limitation.
In this paper, the major and basic complex network metrics are applied to a large set of real and synthetic WDNs of various size. Then, the relationships between the obtained values of the metrics and the topology of WDNs are analyzed. The focus is identifying typical values for the topological metrics of WDNs to define a range of benchmark values and a general model of WDN structure, seeking possible relationships among these metrics and some indices of performance of WDNs. This topological framework could be a preliminary and alternative tool to the classical methods of analysis and design of WDNs, especially in the case of incomplete or lacking information about the system, since a calibrated hydraulic simulation model is not required. Furthermore, two well-known types of networks are considered, exploring the same number of nodes as the studied WDNs, namely the square grid and the random graph. For these networks, the topological metrics are calculated and used as a comparison to find possible relations and benchmark values. The results can help to define a mathematical model to describe the structure and the topology of WDNs. Finally, the clear relationships between some of the adopted topological metrics allows limiting the set of metrics needed to successfully describe the taxonomy of WDNs and so which of them should be further investigated and adopted as efficiently made for power grids by [28] . In this way, the paper can be seen as a contribution to the understanding, from a topological point of view, of WDNs, which could serve as a guidance for planning and monitoring practices.
Methods
From a topological and mathematical point of view, WDNs can be modeled as link-node planar (e.g., networks forming vertices wherever two edges cross) spatially organized weighted graphs G = (V, E, w), where junctions, water sources and water demand points are represented by the set V of n nodes (hereinafter assumed as a measure of network size), while pipes and valves are represented by the set E of m edges, and w is a function that assigns to each edge a weight characterizing the physical characteristics of the pipe or of the valve [14] . In particular, WDNs belong to the class of networks strongly constrained by their geographical embedding [3] , for which connections between distant nodes are unlikely to be found, due to physical and economic constraints [29] . In particular, the long range connections in a spatial network are constrained by the Euclidean distance, having important consequences on the network statistical properties. In addition, the number of edges that can be connected to a single node is limited by the physical space to connect them (it is evident for urban streets, where only a small number of streets can cross in an intersection).
Generally, a complete representation of a network is provided by its adjacency matrix A which indicates which of the vertices are connected (adjacent): element a ij = 1 indicates that there is a link between nodes i and j, a ij = 0 otherwise. For an undirected network, the A matrix is symmetric since a ij = a ji . A weighted graph can be represented by its weighted adjacency matrix W where w ij > 0 indicates the intensity of the link between nodes i and j, and w ij = 0 if nodes i and j are disconnected. In the case of WDNs, the weight of the links could be hydraulic and/or geometric characteristics of the pipes (e.g., length, diameter, hydraulic resistance, flow, etc.) if available. From the adjacency matrix, the Laplacian matrix L = D − A can be defined [30] , where D = diag(k i ) and k i = ∑ j a ij is called the degree of the node i. In the case of a weighted graph, k i = ∑ j w ij . The matrices A and L described above represent two of the major and most frequently used graph matrices, the spectra of which, together with topological metrics defined and computed from them appear in many real case applications. In the following, the definitions of several topological metrics used in the paper are given. It is worth highlighting that most quantify the connectivity and the communication rate within a network. Hence, their meaning is diametrically opposed if network sectorization is discussed in terms of its effect on water flows or on potential contaminant transmission.
Link Density q
The link density q is the ratio between the total number m of network edges and the maximum number of edges m * = n(n − 1)/2 of a network with n nodes:
For most real networks, the link density value is low [27] , since they are sparse, indicating that they are not fully connected.
Average Node Degree k
One of the simplest, and most important characteristics of a node is its degree k i , defined as the total number of edges concurring in the node. The node degree counts the number of neighbors of node. The average value of k i over all nodes n:
providing immediate information on the organization and structure of network, and its connectivity. The higher is the value of the average node degree, the better is the communication between the nodes.
Diameter D
The diameter D is defined as:
where d ij is defined as the shortest path from node i to node j, computed as the number of edges along the shortest path connecting them (when there is no path between a pairs of nodes, the distance is assumed infinite). The diameter D is defined as the maximum shortest distance (the maximum geodesic length) between any pair of vertices [31] . It expresses how cohesive a system is.
Average Path Length l
The average path length l is the average number of steps along the shortest paths for all possible pairs of nodes in the network, determining the average degree of separation between any pair of nodes:
It measures the mean distance between two nodes, averaged over all pairs of nodes [4] . The geodesic length provides an optimal path way, since one would achieve a fast transfer and save system resources. The average path length gives information about the flow communication between any pairs of nodes.
Spectral Radius (or Spectral
The spectral radius λ A 1 corresponds to the largest eigenvalue of the adjacency matrix A of a graph and it is related to the mean value of vertex degrees, taking into account not only immediate neighbors of vertices but also the neighbors of the neighbors [32] . Spectral radius plays an important role in abstract models for computer virus spreading through a network. In particular, the smaller the radius, the larger the network robustness against the spread of viruses is [33] . In this regard, Wang et al. [28] showed that the epidemic threshold (i.e., once exceeded, the infection survives and becomes an epidemic) in virus spreading is proportional to 1/λ A 1 . This fact can be explained as the number of walks in a connected graph is proportional to λ A 1 . The greater is the number of walks of a network, the easier is the spread of the "moving substance" through it. Conversely, the higher is the spectral radius, the better is the communication within a network.
Spectral Gap ∆λ A
The spectral gap ∆λ A is the difference between the first and second eigenvalue of the adjacency matrix A. Low values of this spectral metric indicate the presence of bottlenecks (articulation points or bridges) in the network [34] , which hence can be easily split into sub-regions by removing few nodes or links [6] .
The algebraic connectivity λ L 2 corresponds to the second smallest eigenvalue of graph Laplacian matrix L [30] , and quantifies the strength of network connections even if the graph is sparse ("how strong" are network connections). Its properties are extensively discussed in [35] with regard to its application to the analysis of graph robustness in terms of node and link failures, and proneness to clustering. Consequently, the larger the algebraic connectivity is, the more difficult it is to split the network into independent components.
The eigengap ∆ L (s) corresponds to the difference between the (s + 1) th eigenvalue and the s th eigenvalue of the Laplacian matrix:
where s is the number of clusters in which the network is intrinsically shaped. Choosing the proper number s of clusters is a general problem for all clustering algorithms, and, in the case of water distribution networks, it constitutes the arduous problem of water network partitioning [36] . A tool which is particularly designed for spectral clustering [35] , but can also be applied successfully to other clustering algorithms, is the eigengap heuristic, which chooses the number of proper clusters c opt such that all eigenvalues λ 1 , . . . , λ c opt are small, but λ c opt +1 is relatively large. In other words, a simple indication of the proper number of clusters c opt , from a topological point of view, is given by the first eigengap which results significantly larger than the previous ones. An explanation for this procedure, based on perturbation theory, is that, in the ideal case of c completely disconnected clusters, the 0 eigenvalue has multiplicity c opt , and there is a gap to the (c opt + 1) th eigenvalue, that is λ c opt +1 > 0 [37] . It is worth highlighting that the more pronounced is the cluster structure in the network, the better is the eigengap works.
Materials
To represent the topology of typical water systems, publicly available datasets of real and synthetic WDNs were used. These model networks are reported in the literature and their data-files are accessible on-line. Furthermore, to conduct the analysis and explore the structural properties of WDNs from a wide size range, we also compared the value of the above introduced topological metrics with that concerning square grids and random regular graphs. In Table 1 , the name, the number of nodes n, the number of pipes m, the type (real or synthetic) and the data-file sources are reported for all networks used in the paper. Square grids: A lattice graph, mesh graph, or grid graph is a graph whose drawing, embedded in some Euclidean space R n , forms a regular tiling [3] . This type of graph may more shortly be called just a lattice, mesh, or grid. A particular type of two-dimensional n × n lattice graph (indicated with G n,n , and also known as square grid graph) is the graph whose vertices correspond to the points in the plane with integer coordinates, x-coordinates being in the range 1 . . . n, y-coordinates being in the range 1 . . . n, and two vertices are connected by an edge wherever the corresponding points are at distance 1 from each other (see Figure 1a) . In other words, it is a unit distance graph for the described point set. A two-dimensional grid graph, also known as a square grid graph, is an n × n lattice graph G n,n . In this paper, the two-dimensional square grid graph was considered, with a number of nodes equal to n = 9, 100, 1024, 10000, and 34969 (respectively, named SG1, SG2, SG3, SG4, and SG5). In this way, a benchmark value was obtained for the entire size range of the studied networks. In fact, the largest considered square lattice has a number of nodes similar to the largest WDN considered in the paper (Chihuahua, for which n = 34868).
Random graph: The systematic study of random graphs was initiated by Erdos and Renyi [58] . The term random graph refers to the disordered arrangement of links between nodes. In particular, they considered graphs obtained by uniform sampling of all possible graphs with n vertices and m edges. In practice, random graphs are generated by connecting couples of randomly selected nodes (prohibiting multiple connections), until the number of edges equals m (see Figure 1b) . It is clear that a given graph is only one realization of all the possible combinations of connections. A particular class of random graphs is the random k-regular graph, for which each node has the same number of neighbors (e.g., every node has the same degree k). A 3-regular graph is known as a cubic graph. Some important characteristics are: (a) a graph is regular if and only if it exists an eigenvector of the Adjacency matrix A whose eigenvalue is the constant degree k of the graph; and (b) a regular graph of degree k is connected if and only if the eigenvalue k has multiplicity one. Since k-regular graphs are subject to constraints, to generate them efficiently while ensuring an unbiased sampling one can resort either to the algorithm, implementing the most general configuration model [59] , or to a refinement of such algorithm [60] . In the present paper, to compare with the water networks explored, k-regular graphs with k = 3 and with a number of nodes equal to n = 10, 100, 1000, 10000, and 35000 were considered (respectively, named RG1, RG2, RG3, RG4, and RG5).
Results and Discussion
In recent years, several researchers studied the statistical and topological properties of several systems and infrastructures to provide novel solutions and understand what kind of network is needed to support and optimize the functioning of the systems themselves. In this regard, in this paper, the topological characteristics of WDNs are studied, based on some real-world and synthetic systems. In the following, the topological metrics defined in Section 2 are calculated for the networks described in Section 3, and then they are displayed as function of the number of nodes of each WDN. The results are reported in Table 2 .
In Figure 2 , the relationship between the link density q and the number of nodes n for the analyzed WDNs is plotted in log-log scale. It can be noticed that the two groups of WDNs (synthetic and real) follow the same trend with q ∼ n −1.04 . Specifically, for increasing n, the link density tends to zero and closely follows a power-law with exponent −1, as reported in [27] for other real-world networks (linguistic systems, power grids, actor networks and biological systems). The link density shows a well defined scaling behavior, resulting inversely proportional to the network size n. It is worth highlighting that both square grids and random regular graphs show the same trend, meaning that water distribution networks are equally sparse in these two types of graph. In fact, link density is strongly related to the average node degree, which is not significantly different for WDNs, SG, and the considered RG. Such a similar behavior can be interpreted by means of Equation (1) . In fact, introducing in Equation (1) the well-known topological relationship m = n + r − 1, linking the number of pipes m, nodes n, and loops r of a network, it results q = 2/n + 2r/n(n − 1). As in WDNs it is r << (n − 1), the second term is always smaller than the first, so that q = 2/n. SG and RG are instead more looped than most WDNs. In fact, in Figure 1 , it is clear that the link density is slightly higher for SG and RG, which is due to the presence of a greater number of loops (according to the above relationship), as shown in Table 1 . In this regard, since the number of loops can be regarded as a robustness metric, clearly the link density can be used as a surrogate metric for the robustness of WDNs. In fact, it takes into account the number of nodes, pipes and, implicitly, the number of loops. Figure 2 . Relationship between the link density q and the network size n. The data points follow a trend that can be fitted with a power law decrease q ∝ n −1.4 . Both water networks, random regular graphs and planar square lattice show a similar q ∼ 1 n scaling expected for sparse networks. The blue continuous line and the broken red line refer to random graph and square grids, respectively. The black dots represent the studied WDNs. For numerical values, please see Table 2 .
In Figure 3 , the average node degree K-the coarsest characteristic of node interconnections [27] -is plotted in semi-log scale as a function of the size n. We observe that the average node degree is nearly invariant with respect to the network size n-perhaps with a slightly decreasing trend-confirming that water distribution networks are sparsely connected. Such a behavior is expected for real networks with economic and geographic constraints [16, 29] . It is possible to identify a range of values from K ∼ 2 to K ∼ 4.5 that are the typical small values of WDNs. In fact, the lower bound (K = 2) corresponds to simple line graphs, which have the lowest topological robustness, as the failure of a single pipe leads to a complete network disconnection. An important aspect is that the nearly invariant trend is also observed for the square grids, for which the average node degree seems to tend, as the number of nodes increases, to an asymptotic value of K = 4. For the random graph, the average node degree is obviously constant and equal to K = 3 for all networks (cubic graphs were chosen for the comparison). The small variations of the average node degree for the two groups of WDNs (synthetic and real) is another aspect of the n −1 trend observed for link density in Figure 2 ; in fact, q = 2m/[n(n − 1)] = K/(n − 1). Another important aspect to highlight is that the node degree distribution is almost homogeneous [61] , i.e., almost all nodes have the same degree.
Hence, water distribution networks are not characterized by the presence of hubs-nodes with very high degree-that happens in the case of scale free networks. This leads to the immediate consequence that generally WDNs are almost equally robust against both intentional and accidental pipe breaks. In this case, by taking into account the relationship m = n + r − 1, it is possible to better interpret the typical values shown by WDNs. It results K = 2 + 2(r − 1)/n, which implies that K = 2 is the lowest possible value for WDNs (i.e., no loops), and that values above 2 are related to the number of loops and thus to the ratio r/n. In this respect, the average node degree can be used as a surrogate measure of robustness, quantifying how a WDN is far from a line shaped network (for which K = 2). Relationship between the average node degree K and the network size n compared to the case of random regular networks and planar square grids. Notice that, due to boundary effects, the square grids approach their theoretical value K ∼ 4 only for large network sizes n. The blue continuous line and the broken red line refer to random graph and square grids, respectively. The black dots represent the studied WDNs. For numerical values, please see Table 2 .
In Figure 4 , the diameter D is plotted in log-log scale as a function of the number of nodes n. It is clear that the graph diameter, for both synthetic and real WDNs, increases as the network size increases, following a power law, with D ∝ n 0.51 . Thus, differently from communication systems, WDNs do not represent the peculiar features of Small-World networks, for which-similar to in random networks-D ∝ log(n). Such a feature leads to robustness in communications, since the average shortest path between two nodes increases very slowly with the network size. The larger diameter graph for the WDNs is due to economic and physical/geographic constraints that generally do not allow the presence of long-range links, except in rare cases [29] . In fact, it is well known that even a small fraction of links between distant nodes in a network can significantly shorten the path lengths [4] . It is clear that, also from a communication point of view, square grids and WDNs show a similar structure. In fact, in the SG, the nodes are always linked to the adjacent neighborhoods. It means that, from a global communication point of view, the possible presence of few long-range links in WDNs is not enough to reduce D, which also corresponds to the maximum of the shortest paths between nodes. Conversely, the random regular graphs, with the same number of nodes and with an average node degree close to WDNs, show a significantly lower diameter. In particular, they can be well fitted by a D ∝ log(n), as expected in general for random graphs [58] .
In Figure 5 , the average path length l is plotted in log-log scale as a function of the number of nodes n. The trend clearly resembles that of the diameter, as shown in Figure 3 . In particular, l increases as the network size increases following a power law, with l ∝ n 0.48 , for the same reasons described above. In this case, the square grids follow a trend very close to WDNs, while the random graphs confirm their better flow communication, showing a logarithmic increase of the average path length. It can be observed that the n 1/2 scaling of D and l in WDNs reflects their embedding in a 2D-spatial environment. Very differently, the randomness of the cubic graphs provides the possibility to also have long-range connections that drastically reduce the length of the shortest paths between each pair of nodes. In this case, the global communication of the WDNs is strongly influenced by the fact that most nodes are linked to the adjacent neighborhoods, which makes them very similar to the SG, for which all the nodes are always and only linked to the adjacent neighborhoods. Plot of the diameter D versus the network size n for synthetic and real water networks, planar square grids and random graphs. Notice that, similar to planar square grids, water networks also show the D ∼ n 1/2 scaling that is expected for planar spatial networks. The blue continuous line and the broken red line refer to random graph and square grids, respectively. The black dots represent the studied WDNs. For numerical values, please see Table 2 . Figure 5 . Plot of the average path length l versus the network size n for synthetic and real water networks, square grids and random graphs. Notice that, similar to planar square grids, water networks also show the l ∼ n 1/2 scaling that is expected for planar spatial networks. The blue continuous line and the broken red line refer to random graph and square grids, respectively. The black dots represent the studied WDNs. For numerical values, please see Table 2 .
In Figure 6 , the inverse of the spectral index λ A 1 is plotted in semi-log scale as a function of the water distribution network size n. It is possible to identify a typical WDN range with (λ A 1 ) −1 ≈ 0.3 ± 0.1, and so for λ A 1 , which is related to the general relationship according to which K ≤ λ A 1 ≤ max(k) [33] . For this reason, the inverse spectral radius of cubic random graphs assumes the constant value (λ A 1 ) −1 = 0.33, while for square grids it tends asymptotically to (λ A 1 ) −1 = 0.25 (for these networks the maximum node degree is equal to 4 and the larger the number of the network nodes, the fewer of them are boundary nodes, which have a degree smaller than 4). Finally, for the water distribution networks, λ A 1 is nearly invariant with the size of the network. It means that, even if the size of the water network increases, the topology does not vary. Since the spectral radius is linked to the "velocity of spread" of a substance in the presence of percolation dynamics, it means that for WDNs it is possible to define a characteristic value of the intrinsic capacity of being crossed by a substance, water flow or contaminant. In this regard, the nearly invariant value of the spectral index suggests that, in general, the probability of the spreading of a contaminant from a point to another in a WDN does not depend on its dimension, as, apart from the hydraulic characteristics of the system, it is strongly related to the number of connections of each node. The value of the spectral index for WDNs falls between that of RG and SG as the number of nodes increases. It can be observed that the SG are the most vulnerable in terms of substance spreading, since most of the nodes have a degree equal to 4, while the RG, having a degree equal to 3 for all nodes, show the lowest value of (λ A 1 ) −1 . For WDNs, even if the average node degree is usually lower than RG, the small fraction of nodes with a degree higher than 3 gives WDNs a higher capability of being crossed by a substance. It can also be observed that the relation K ≤ λ A 1 ≤ max(k) indicates that the spectral radius simultaneously quantifies global and local connectivity of the network. In fact, the lowest bound is related to the number of loops, while the highest is related to the presence of hubs. Figure 6 . Relationship between the inverse of the spectral index λ A 1 and the network size n for water networks, random cubic networks and planar square grids. The blue continuous line and the broken red line refer to random graph and square grids, respectively. The black dots represent the studied WDNs. For numerical values, please see Table 2 .
In Figure 7 , the behavior of the spectral gap ∆λ A is plotted in log-log scale as a function of the network size n. A decreasing trend of the spectral metric with increasing size is visible for all the studied networks, which could be fitted with a power scaling law ∆λ A ∼ n −0.36 . While, for square grids and random graphs, the trends are quite clear-respectively, a power law decay and an exponential decay to a plateau-for WDNs, the trend with network size is less clearly defined. However, the dots representing the studied WDNs fall between the trend lines of square grids and random graphs. As a small ∆λ A indicates high probability of having articulation points or bridges (the failure of which can cause the disconnection of the network in more sub-regions), this result points out that large WDNs tend to be increasingly less robust against disconnection. It is also clear that random graphs show a higher robustness than the square grids, since they show a higher value of the spectral gap ∆λ A . This is due first to the fact that the chosen cubic graphs have constant average node degree K = 3 which guarantees that all nodes are linked to other three nodes. Furthermore, their randomness ensures the presence of long-range links that lead to a more cohesive and compact structure. Clearly, this metric does not depend on the number of connections, but rather on how nodes are connected to each other. In fact, the SG have highest K, but at the same time they show the smallest spectral gap. In this respect, the possible presence of few long-range links gives some randomness to WDNs, thus resulting more similar to RG. This behavior resembles the concept of Pseudorandom graph (e.g., Torres et al. [18] ), in which random connections are allowed only between neighboring nodes. Relationship between the spectral gap ∆λ A and the network size n. For the water networks, the fit of the data points is a power law ∆λ A ∼ n −0.36 ; for the random networks, thick line is fitting to an exponential approach ∼ e −n/35 to a plateau value of ∆λ A ; and, for the square grids, to a power law ∆λ A ∼ n −0.93 . The blue continuous line and the broken red line refer to random graph and square grids, respectively. The black dots represent the studied WDNs. For numerical values, please see Table 2 .
In Figure 8 , the behavior of the algebraic connectivity λ L 2 is plotted in log-log scale as a function of the network size n. A clear decrease of the connectivity metric with increasing size can be seen for all the networks, confirming the results of the spectral gap, but with clearer trends. Specifically, the water distribution networks and the square grids show a power law behavior, respectively, λ L 2 ∝ n −1.26 and λ L 2 ∝ n −0.99 , thus both curves tend to zero for increasing system size. This implies that the robustness of these networks, and in particular of WDNs, decreases as the number of nodes increase, with a high probability to have bottlenecks that can be easily broken with small effort (low value of λ L 2 ). The algebraic connectivity of WDNs results always smaller than for the square grids, implying in general lower robustness, owing to the smaller number and less regularity of the connections between nodes. On the other hand, the randomness of the k-regular graphs provides a higher robustness to the system: in fact, the algebraic connectivity shows an exponential trend ∼ e −n/35 , approaching a plateau value of λ L 2 = 0.17; hence, fragility does not increase with system size but stabilizes at a constant value. Hence, the algebraic connectivity indicates that large WDNs can be easily subdivided (i.e., create clusters with high density intra-clusters and low density infra-clusters), meaning that, as suggested by Wang et al. [28] for power grids, WDNs show a nested layout. In other words, it is easy to identify regions with different levels of density that can be isolated from the rest of the network. Clustering seems to constitute an intrinsic topological property of WDNs. Figure 8 . Relationship between the algebraic connectivity λ L 2 and the network size n. For the water networks, the fit of the data points is a power law λ L 2 ∼ n −1.26 ; for the random networks, thick line is fitting to an exponential approach ∼ e −n/35 to a plateau value of λ L 2 ; and, for the square grids, to a power law λ L 2 ∼ n −0.99 . The blue continuous line and the broken red line refer to random graph and square grids, respectively. The black dots represent the studied WDNs. For numerical values, please see Table 2 .
Given a graph G = (V, E), a community (or cluster, or cohesive subgroup) is a sub-graph G = (V , E ), whose nodes are tightly connected, i.e., cohesive. The community structure of the complex network systems constitutes a powerful tool for better understanding the functioning of the network itself, as well as for identifying a hierarchy of connections within a complex architecture. Different metrics can lead to different communities; however, for physical networks, one of the most natural methods to partition its graph in reasonable communities is spectral partitioning [62] , since it allows the separation into subgraphs minimizing the number of links between such subgraphs. Spectral partitioning uses the eigenvectors of the Laplacian matrix of a graph to determine the subgraphs corresponding to separate communities. To optimize the number of such communities, it is customary to look at the eigengap, i.e., at the maximum jump in the spectrum of the Laplacian matrix. According to such a criterion, only the eigenvectors whose eigenvalue is smaller than the eigengap are used to partition the network; in this regard, it has been shown that the eigengap can constitute a valid and useful tool to solve the problem of establishing a preliminary number of districts for the water network partitioning [16] , according to only topological criteria, especially when no other information is available. In Figure 9 , the first largest eigengap ∆ L (s) of the Laplacian matrix is used to calculate the optimal number of cluster c opt as a function of the network size n. It looks clear how the number of clusters c opt in which the water distribution networks are divided according to ∆ L increases with the system size. In particular, it follows approximatively a power law c opt ∝ n 0.28 . Hence, the number of districts grows sub-linearly with the network size, indicating that the optimal number of districts does not increase significantly with system size. It is worth noticing that, since c opt grows sub-linearly, the number of partitions grows more slowly than the number of elements of the network. Hence, for large water networks, the size of optimal districts grows, compared to small water networks. It is worth noting that this result holds for network partitioning only from the topological point of view, while also the aims of the sectorization of the network should be considered in the choice of the optimal dimension of districts. In fact, it is known that the larger districts are, the more difficult is the identification of bursts and leakages from night flow data, although smaller districts imply higher costs for valves, flow meters and maintenance. Conversely, in terms of network safety against accidental or intentional water contamination, the larger is the district, the larger is the number of users potentially exposed to injected pollutants.
However, the obtained result points out that, in large WDNs, the size of the districts should necessarily increase. Otherwise, the benefits of an easier management guaranteed by smaller districts would be partly nullified by the increased vulnerability (or lower robustness) of the network, caused by the excessive fragmentation. Figure 9 . Relationship between the optimal number of clusters c opt and the network size n. The thick brown line is a power law fit for the analyzed water networks, yielding c opt ∼ n 0.28 , providing an indication for the optimal number of District Metered Areas (DMAs) of a water network of given size. The black dots represent the studied WDNs. For numerical values, please see Table 2 .
Conclusions
The topological analysis of several real and synthetic water distribution networks shows that such networks tend to be sparse, being characterized by small values of the average degree K and of the link density q ∼ n −1 . The nearly homogeneous value of the node degree marks a distance between WDNs and scale-free networks. The studied networks show many characteristics of planar lattices, since both the diameter D and the average path length l scale as n 1/2 . Such power law trends confirm that WDNs, similar to power grids or street networks, cannot be modeled as small world systems. Summarizing, all the evaluated topological connectivity metrics indicate that the graphs of WDNs are far from being totally random, as often claimed in theoretical studies, and rather resemble regular square grids.
The analysis of the spectral metrics, however, points out that WDNs present some randomness which can have a positive effect on their topological robustness, despite the geographical constraints, which make them close to planar graphs. In fact, for large network size, both the spectral index λ A 1 and the spectral gap ∆λ A fall in between the values of random graphs and square grids. On the one side, the spectral index λ A 1 , similar to planar lattices (for which λ A 1 ∼ K), results nearly constant with network size, indicating that WDNs are topologically protected from the spread of a contaminant, apart from the hydraulic characteristics of the pipes. On the other side, the decreasing trend of the spectral gap ∆λ A with the network size indicates the presence of bottlenecks and articulation points, but not leading to the complete disintegration of the network, as for regular square grids. In fact, while the strongly decreasing trend of the algebraic connectivity λ L 2 with the network size indicates that the "energy" required to break the network into independent sub-regions becomes lower, the optimal number of clusters c opt , identified by means of the eigengap ∆ L (s), grows less than linearly with the network size. Such a sub-linear growth hints that, from a connectivity point of view, the larger the WDN, the larger is the optimal size of DMAs.
The topological analysis of an extensive number of real and synthetic water distribution networks indicates that it is possible to identify a limited set of metrics that completely characterize the topological structure of WDNs. In particular, the average node degree K strongly influences the values of the spectral index λ A 1 and of the link density q. Regarding the communication metrics, it is evident that the graph diameter D and the average path length l provide nearly the same information about the topology of a WDN. It seems preferable to use l, since it expresses a mean value over all paths, and because it is more sensitive than D to the addition or removal of an edge. The comparison between the two spectral robustness metrics, the spectral gap ∆λ A and the algebraic connectivity λ L 2 , suggests that, in the case of WDNs, the latter is more significant, both because it is strongly related to the strength needed to split the network into sub-regions, and because it shows a clearer trend with the network size. Finally, from a topological connectivity point of view, the eigengap ∆ L (s) provides a quick and good estimate of the optimal number of districts for the partitioning of a WDN.
According to the results presented in this study, the topological structure of WDN is very far from the "totally" random networks often used in theoretical studies. Similar to the concept of Nested-Smallworld, introduced for power-grids [28] , and to the concept of Pseudorandom graph, introduced by Torres et al. [18] , WDNs could be classified as a novel structure defined as Nested-Pseudorandom graph, because they show simultaneously nested and pseudorandom characteristics. In particular, such a model is the result of connecting several pseudorandom sub-networks through few long-range links, also in accordance with the above mentioned intrinsic clustering property of WDNs.
The typical values of the topological metrics calculated in this paper could be used to generate graphs of synthetic water distribution networks, which retain the topological characteristics of real WDNs, e.g., through a graph generating software. This would allow having many test cases for modeling purposes (it is not always easy to have the data and the graph of real WDNs), with realistic topologies and with network size. In this respect, the automatic generation would be a useful tool, as the currently used synthetic WDNs generally have small dimensions.
